We study F-theory compactified on elliptic Calabi-Yau threefolds that are realised as hypersurfaces in toric varieties. The enhanced gauge group as well as the number of massless tensor multiplets has a very simple description in terms of toric geometry. We find a large number of examples where the gauge group is not a subgroup of E 8 × E 8 , but rather, is much bigger (with rank as high as 296). The largest of these groups is the group recently found by Aspinwall and Gross. Our algorithm can also be applied to elliptic fourfolds, for which the groups can become extremely large indeed (with rank as high as 121328). We present the gauge content for two of the fourfolds recently studied by Klemm et al.
Introduction
The dualities of String Theory have been the subject of extensive study during the last two years. Of particular interest to us here is the duality [1, 2] Het[K3 × T 2 , G] = IIA [M] (1.1) between a (0, 4) heterotic compactification on K3 × T 2 with gauge group G, and a type IIA compactification on a Calabi-Yau manifold, M. This is a very exciting arena in which to explore nonperturbative phenomena in String Theory and has been the focus of much recent work [3] [4] [5] [6] [7] .
A large class of Calabi-Yau manifolds can be realised as hypersurfaces in toric varieties and, in virtue of a construction of Batyrev [8, 9] , these have a nice description in terms of a dual pair (∆, ∇) of reflexive polyhedra. This being so we may regard the Calabi-Yau manifold M as being specified by a polyhedron M = M ∆ . Thus, it is natural to suppose that the polyhedron determines the gauge group G that appears on the heterotic side.
This was the point of view adopted in [10] [11] [12] . In these articles a first dictionary between perturbative symmetry restoration on the heterotic side and toric data was established.
The duality (1.1) has far-reaching consequences. It is believed to apply most directly to
Calabi-Yau manifolds that are both elliptic and K3 fibrations. Many of these can be described by reflexive polyhedra and so it is natural to suppose that there is a correspondence G = G ∇ . This was shown to be the case for certain simple cases in [10] [11] [12] , the correspondence being stated most simply in terms of the dual polyhedron ∇.
The point we make here is that if we take (1.1) seriously, then there should be a Heterotic theory for a great many polyhedra ∇ that correspond to elliptic and K3 fibrations.
To appreciate the consequence of this, consider the Calabi-Yau manifold M E 8 = IP (1,1,12,28,42) 4 [84]
which is an elliptic K3 fibration and corresponds to a gauge group These data define a Calabi-Yau threefold. F-theory compactified on this manifold is dual to the E 8 ×E 8 heterotic model with instanton numbers (12+n, 12−n) and maximally Higgsed gauge group. We can now construct the Newton polyhedron describing this hypersurface . Concretely, first we find all possible nonnegative powers of our homogeneous variables compatible with the constraints. We get in this way a number of points in IR 7 . Since there is a (C * ) 3 action these points actually lie in a four-dimensional subspace. Having chosen a basis we take the convex hull of the points and obtain our Newton polyhedron ∆.
We can vary the complex structure parameters to introduce singularities into our Calabi-Yau threefold and nonabelian enhanced gauge symmetry into the corresponding effective theory. For example, it was shown in [16] that if we introduce a curve of singularities at z = 0 1 , then, on the heterotic side, this will have the effect of unhiggsing a certain subgroup of the first E 8 . Suppose now that we want to construct the corresponding polyhedron. To do it in the most direct way, it is easiest to go back to our seven-dimensional points which simply give us various powers of the homogeneous coordinates and use the results of [17] which relate the types of singularities to the degrees of vanishing of certain polynomials 2 on the base of the elliptic fibration. Thus, in toric language, the introduction of a curve of singularities at z = 0 means simply eliminating a certain number of Recall now that the Hodge numbers for three-dimensional Calabi-Yau hypersurfaces are given by
where pts(∆) denotes the number of integral points of ∆, int(θ) stands for the number of integral points interior to a face θ and similar quantities pts(∇) and int(θ) are defined for ∇. Equation (3.1) expresses the number of deformations of complex structure and Kähler classes in terms of the number of points of the polyhedra. The terms in these expressions that involve codimension-1 faces account, in the case of h 21 , for the freedom to make redefinitions of the homogeneous variables, and in the case of h 11 , for the singularities of the toric variety which do not intersect the hypersurface. We will call these points 'irrelevant'.
The third terms in both equations are 'correction' terms, the numbers of deformations of the corresponding hypersurface which are not visible torically. (Note that in many cases it turns out to be possible to add a certain number of points to the polyhedron under consideration so that the correction vanishes.)
It is worth emphasizing that the statement about the possibility of seeing the base of the Calabi-Yau fibration torically holds provided the correction term in (3.1) vanishes.
Otherwise we may miss some of the one-dimensional cones in the fan describing the base as a toric variety.
Suppose now that we are given an elliptic Calabi-Yau threefold. The theorem of [13] tells us that in this case it is possible to find a two-dimensional hyperplane H in V IR through the origin such that its intersection with ∇ is a two-dimensional reflexive polyhedron representing the typical fiber. Let us denote it by
such that Π B (∇ E ) = (0, 0) yields a set of points living in a two-dimensional lattice which is what we call V base . We will denote this set of points Σ B . Drawing a ray through from the origin (0, 0) through every other point gives us the fan of the base. Note that a ray may pass through more than one point and hence the number of rays, or one-dimensional cones, is generically less than the number of non-zero points in V base . In many examples of [10] [11] [12] , Σ B coincides with a two-dimensional face of the dual polyhedron ∇ orthogonal to the hyperplane H.
The methods of toric geometry allow us to read off some topological invariants of B.
In particular it is known [20] that for a nonsingular n-dimensional toric variety the Betti zero-dimensional Calabi-Yau manifold (= Z Z 2 ) as a slice (but not a projection). The dual polyhedron ∇ encodes the Z Z 2 as a projection (but not an injection). According to the criterion of Ref. [13] , ∇ is the Newton polyhedron of a Z Z 2 fibration. ∆ ′ encodes the Z Z 2 fiber as both an injection as well as a projection, hence the mirror ∇ ′ does too, so that both the manifold and its mirror are Z Z 2 fibrations.
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where d k is the number of k-dimensional cones in the fan. In our case (3.2) yields b 2 = d 1 − 2d 0 or, since h 20 (B) = 0 for a toric variety,
Compactifying Type IIA strings on our Calabi-Yau manifold yields a four-dimensional N = 2 vacuum in its Coulomb phase. This statement is intrinsically six-dimensional, meaning that the compactification of F-theory on (a blown-down version of) the same Calabi-Yau manifold yields an N = 1 vacuum in 6D which contains essentially the same information. We want to determine the spectrum of this six-dimensional theory. The first observation is that the number of massless tensor multiplets is already determined by (3.3) since it is simply [16] n T = h 11 (B) − 1.
(3.4)
Our next task is to find the massless vector multiplet content. Comparison of (1.2) with (3.1) shows us that essentially each 'relevant' point in ∇ corresponds either to a massless tensor multiplet or to a massless vector in the Cartan subalgebra of G provided the correction vanishes. In view of (3.3) it is reasonable to conjecture that the points corresponding to tensor multiplets are those in Σ B , moreover, since each one-dimensional cone in that projection may contain more than one point, we will claim that the 'tensor multiplet' points are those closest to the origin of Σ B (apart from three of them since
. Thus, in order to find the vector multiplet content, we should try to sort out the rest of the 'relevant' points in ∇. It has been conjectured and illustrated by many examples in [10] that in cases dual to E 8 × E 8 heterotic on a K3 the points corresponding to vectors in the Cartan subalgebra of G had the following properties. 
The Algorithm
We are in a position now to propose our algorithm. Each one-dimensional cone in the fan of a toric variety corresponds to a divisor [20] . In our case the complex dimension of the base is two. So the divisors are complex curves. In the examples of [10] the onedimensional cones described above (those containing points of the form (0, −c) and (0, b)) corresponded to the divisors described by the equations z = 0 and z = ∞, respectively.
Let us call these cones (rays) R 1 and R 2 . The points describing the unbroken subgroups of the first and second E 8 were those of the form Π −1 B (R 1 ) and Π −1 B (R 2 ). In geometrical language, they are the points describing the types of singularities along the two divisors, the corresponding set Π −1 E encoding the type of the singularity. In general, the base may have many more curves of singularities than those two. Torically they will show themselves as one-dimensional cones. There is actually a singularity along a given divisor represented by the ray R k provided the set Π −1 B (R k ) contains more than one point. To determine the actual type of singularity we have to act in exactly the same way as we would have acted if the divisor in question had been given by z = 0. Namely we take Π −1 B (R k ) and project it onto ∇ E . The singularity type is then encoded in the corresponding numbers
in exactly the same way as it would have been encoded had the singularity occurred along {z = 0} 4 . The dictionary between the numbers {n i } and singularity types was described in [10] (see Table 3 .1) and carries over to this more general case.
Subtleties
There are subtleties in the picture described above which are worth mentioning. As was pointed out in [21] and [17] , the gauge symmetry appearing in uncompactified dimensions turns out to be a subgroup of the singularity type ADE series group. These cases are due to the monodromy action on vanishing cycles if the monodromy happens to be an outer automorphism as opposed to a Weyl group element. These two cases were called 'non-split'
and 'split', respectively, in [17] . Also different kinds of singularities may collide as discussed for example in [22, 23] , and when they do a new phase of the theory appears characterized by new tensor multiplets and enhanced gauge symmetry. We believe that these subtle points are already taken care of by the dual polyhedron and the points we observe provide us with information about the spectrum of the corresponding six-dimensional theory (and not quite, strictly speaking, about the types of singularities along divisors).
There are also certain additional subtleties that arise in the toric picture. This is because toric geometry does not always encode all the deformations as points in the polyhedra. There are often non-toric deformations coming from points interior to codimension-2 faces and points in the dual 1-faces (codimension-3 in the dual polyhedron). Thus some of the deformations are not explicitly seen as points in the polyhedron, but hidden away in the dual polyhedron. Thus our identification of the gauge theory is incomplete until we can interpret all these non-toric data. Furthermore, we also encounter situations where the polyhedron contains points which are interior to codimension-2 faces (and hence relevant), but which are interior to codimension-1 faces of the K3 fibers. For example, the point pt ′ is incomplete until we specify how to handle such cases. While we do not have a general theorem that achieves this, we have been able to study many such cases and have found consistent patterns that allow us to treat this and many similar situations which arise in these polyhedra. The prescription for handling such situations is best described by giving examples, which we postpone until §5.
Examples
We turn now to the application of our algorithm to some examples. Our first example is the well-known case of 'simple' (in the terminology of [22] ) point-like instantons in the Spin(32)/Z Z 2 heterotic string compactified on a K3.
A simple example in detail
As is well known, the SO(32) Heterotic theory compactified on a K3 requires 24 instantons to cancel the anomaly. Consider the situation when two of the instantons shrink to zero at the same point. As was shown in [24] , the effective theory develops a nonperturbative Sp(2) gauge symmetry. In addition, since there are only 22 finite size instantons left, an SO(10) subgroup of the primordial SO(32) (or, more precisely, Spin(32)/Z Z 2 ) that was previously broken to SO(8) is now restored. One can easily calculate that there are 231 neutral hypermultiplets and a single massless tensor multiplet in the six-dimensional spectrum. If we compactify further to four dimensions on a torus and go to the Coulomb phase of the resulting N = 2 theory, we obtain rank(Sp(2))+rank(SO(10))+3=10 massless vector multiplets and 231 massless hypermultiplets. So, if we find the Type IIA dual then the corresponding Calabi-Yau manifold will have h 11 = 10 and h 21 = 230. If we can represent this manifold as a hypersurface in a toric variety, then we should be able to read the Sp(2) × SO(10) gauge group off the dual polyhedron.
There is indeed a very simple procedure for generating the Calabi-Yau manifold in question torically. As was conjectured in [16] , the SO(32) heterotic string on a K3 is Tdual to the E 8 × E 8 heterotic string on another K3 with instanton numbers (16, 8) which in turn can be described by F-theory compactified on an Calabi-Yau threefold elliptically fibered over IF 4 . So, what we have to do is to take the Calabi-Yau manifold defined by Table 2 .1 for n = 4 and introduce an Sp(2) singularity by the methods described in §2. The resulting dual polyhedron then consists of the points displayed in Table 4 .1.
Points in the first column of the Table lie in the slice of the polyhedron by the plane x 1 = 0, x 2 = 0, and this set of points is a copy of the torus of Figure 3 .2. Notice also that if we project ∇ onto this plane we obtain the same points. The slice itself forms a two-dimensional reflexive polyhedron describing a torus. We learn from our rules that the threefold is an elliptic fibration which in this case is true by construction. Next, project onto the first two coordinates. This is our projection Π B . As we see from the Table, we obtain six points
that form the fan of IF 4 . We conclude that IF 4 is the base of the elliptic fibration, which we knew to be true by consruction in this case. Using (3.3) we find that h 11 = 2 for this base, and from (3.4) that there is indeed only one massless tensor multiplet present in the six-dimensional spectrum.
Let us now turn to the enhanced gauge symmetry content of ∇. As was claimed in §2, above each one-dimensional cone/ray of the fan of the base there is a simple factor of the total gauge group. Some of these may be the trivial group, which, for want of better notation, we denote by SU (1). More precisely, the points Π −1 B (R), where R is one of the rays of Figure 4 i . Consider first Π −1 B (R 2 ). We see from Table 4 .1 that (0,-1)
the second equivalence following from a comparison with Table 3 .1. For the ray R 1 we have
while for Π −1 B (R 3 ) and Π −1 B (R 4 ) we find {pt ′ 1 } corresponding to the trivial group SU (1). Thus, combining the groups, we find the gauge group SO(10)×Sp (2), in precise agreement with our expectations. Now we can study the gauge content of F-Theory compactified on the mirrors of the Calabi-Yau manifolds of Ref. [10] . We are going to make use of the fact that these manifolds are elliptic fibrations, moreover, the polyhedron describing the generic fiber is visible in the dual polyhedron as an injection. This property is shared by the direct polyhedron, hence the mirror Calabi-Yau manifold is also an elliptic fibration. Therefore, we can take the corresponding direct polyhedra regarding them as dual polyhedra of the mirrors, and read off the tensor and vector multiplet spectra. Since the h 21 's of the original Calabi-Yau manifold are rather large, so are h 11 's of their mirrors, suggesting that the enhanced gauge symmetry in four dimensions we are about to uncover is bigger than what we are accustomed to. In particular, if heterotic duals of these models exist, most of the gauge symmetry in question is bound to have a nonperturbative origin. We describe a few examples below. The complete results for this class of models are listed in the Appendix.
The mirror of the manifold with Hodge numbers (3,243)
The Calabi-Yau threefold defined by the data in Table 2 .1 for n = 0 has (h 11 , h 21 ) = (3, 243) and provides a dual to the compactification of heterotic strings with instanton numbers (12, 12) in the two E 8 's. There is no enhanced gauge symmetry in six dimensions. The mirror Calabi-Yau manifold has (h 11 , h 21 ) = (243, 3) of course which tells us that rank(G) + n T = 241. Using our methods we find that Σ B has 96 one-dimensional cones which seems to suggest that we have 93 massless tensors in the spectrum. Then when we begin to "sort out" the points corresponding to vector multiplets we find that there are 8 E 8 factors but in 4 of them the point which projects on the pt 5 in Fig. 3.2 becomes 'relevant' as opposed to the usual E 8 'top' described in [10] where it was interior to a facet. This is the case which is encountered in almost all in the examples considered in this section. We will interpret the extra 'relevant' points as additional tensor multiplets (see §5). So the six-dimensional theory corresponding to the mirror has gauge group 
The mirror of the manifold with Hodge numbers (11,491)
Consider the model dual to the heterotic vacuum obtained by compactification with instanton numbers (24, 0). There is an unbroken E 8 and the Hodge numbers are (h 11 , h 21 ) = (11, 491) . This manifold is interesting because it has the maximal h 21 encountered in those examples and, moreover, the maximal h 21 found in [25, 26] for hypersurfaces in toric varieties. The mirror thus yields the biggest h 11 suggesting that this may be the case in which the maximal possible gauge symmetry is found in type II (and, perhaps, heterotic) compactifications to six or four dimensions, and was studied in [14] . On applying the algorithm we find the gauge group of rank 296 mentioned in the introduction G 296 = E 17 8 ×F 16 4 ×G 32 2 ×SU (2) 32 and n T = 193.
The self-mirror manifold with Hodge numbers (251,251)
The previous example is related in an interesting way to the self-mirror manifold with Hodge numbers (251, 251). This is the largest value of the Hodge numbers among the self-mirror examples listed in [25, 26] (see also the interesting comments on this space and its relation to the previous one in [18] ). Furthermore, the sum h 11 + h 21 is the same as for the previous example. We find a gauge group of rank 152 which is 16 and n T = 97.
Note, as a curiosity, that this gauge group is the 'square root' of the product of the gauge groups in the preceding example, i.e., G 152 ×G 152 = E 8 ×G 296 , and the numbers of tensors are also related : 2 × 97 = 1 + 193.
The algorithm for finding the gauge content applies equally well to elliptic fourfolds, the only difference from the threefold case being that the base is now a three dimensional toric variety. Since F-theory compactified on a fourfold yeilds a four-dimensional theory, there are no tensor multiplets, and the rank of the gauge group is simply [27, 28] 
For the examples we study, the base is a toric variety, so that h 21 (B) = 0. Also, h 11 (B) is related to the number of rays in the fan of the base in a simple way. The last two examples that we give here are the fourfold analogues of the last two examples [18] . The relevant Hodge numbers are now h 11 and h 31 and these two fourfolds are distinguished among the Fermat hypersurfaces in weighted projective spaces by having h 11 +h 31 as large as possible. In one case h 31 − h 11 is also a maximum while in the other the manifold is self-mirror (and hence has h 11 = h 31 ). We include these examples here to show that for fourfolds the groups can become very large indeed. Also, it was pointed out in [29] that there is an additional contribution to the total gauge group coming from three-branes which are necessary for anomaly cancellation. Generically, this additional factor is U (1) |χ|/24 , provided there are no instantons in the seven-branes. [3263442]
The elliptic fourfold IP
This manifold is self mirror with Hodge numbers h 11 = h 31 = 151700. Both the manifold and its mirror correspond to the same group, G 60740 , of the rank indicated. Rather than write this group out explicitly, we simply note that this fourfold and the previous one manifest the same curious group property as their threefold analogues
Subtleties Revisited
While presenting the algorithm, we mentioned certain subtleties that arise in the toric picture. Here we give prescriptions for handling some of the common difficulties that we encounter. This is best done by giving examples. Consider the n = 3 model, which has gauge group SU (3), and Hodge numbers (5, 251) . The dual polyhedron for this threefold contains the top that we identify with SU (2). So naively, one might expect the effective theory to be an SU (2) gauge theory. This is wrong, since the correct answer is SU (3). However, the number of non-toric deformations can be readily counted, and is seen to be 1. Thus the "missing" rank of the gauge group appears non-torically. If we were to add a point to the top to make the SU (3) structure explicit, then we find that the Hodge numbers are unchanged, but the number of non-toric deformations is now zero. We interpret this to mean that the same manifold can be described by different polyhedra, but for our purposes, the most useful description is the one with zero non-toric deformations. The cases we discuss below are all ultimately dealt with in the same way. In all the cases that we have analysed in detail, we have been able to reduce the correction to zero by adding points to the polyhedron while holding the Hodge numbers fixed. We have made the assumption that this process does not change the manifold and we have found that in all the cases we have analysed in detail, this enables the algorithm to produce the correct answer.
Another interesting situation occurs when we unhiggs an E 8 gauge group. For concreteness, take n = 0. We find Hodge numbers (23, 143) . In this case δ is 11. We know that unhiggsing E 8 causes all the instantons in it to become tensor multiplets, so we expect 12 extra tensors. Our first instinct is to say that the extra tensors are encoded in the non-toric data, and that it should be possible to add points to the polyhedron to make δ = 0. This is, in fact, true. We can add 11 points to the dual polyhedron in such a way as to leave the Hodge numbers invariant and reduce the number of non-toric deformations to zero, as well as make 11 extra tensors explicit in the polyhedron. However, we are still short one tensor multiplet. The extra tensor multiplet is manifested as pt ′ 5 which is interior to a codimension one face of the K3 polyhedron but not interior to a codimension one face of the threefold polyhedron. Points for which this is true can, by an enumeration of cases, be interpreted as tensor multiplets or group factors. Similar situations result when we unhiggs E 6b , E 7b , SO(12), SO(9)×SU (2), G 2 ×SU (3) and SU (6) c , when points pt ′ 7 , pt ′ 6 , pt ′′ 6 , pt ′′′ 6 , pt ′ 5 and pt ′ 7 respectively are relevant (i.e., they lie in codimension-2 faces), and 20 they are also accompanied by non-zero values of the non-toric correction δ. These are the "blue points" of the figures of [10] . In all these cases, they correspond to extra tensors.
Curiously, we can add extra points to the polyhedra for each of these groups in such a way that the Hodge numbers do not change, but δ vanishes and the "blue point" becomes irrelevant since it now lies in the interior of a codimension one face of the threefold polyhedron. Other more complicated situations occasionally arise. However, in all cases that we have examined we are able to apply the algorithm unambiguously after adding points appropriately to the polyhedron.
Discussion
In this paper, we have presented an extension of the dictionary between toric geometry data and and the spectrum of type IIA strings (F-theory) compactified to four (six) dimensions on a Calabi-Yau threefold described as a hypersurface in a toric variety. Specifically, we were able to find the enhanced gauge symmetry as well as the number of massless tensor multiplets (in six dimensions) observed in the resulting vacuum. Apart from the models dual to perturbative heterotic vacua and those resulting from "simple" point-like instantons which was analyzed previously, our methods permit the analysis of cases with a large gauge group as well as a large number of massless tensors. We present many such examples. The algorithm generalises readily to the case of elliptic fourfolds. We are currently studying the gauge content of a large class of such fourfolds, and hope to report on our progress in future. Our method can only be applied fully if the correction term, δ, vanishes. Otherwise there remains a contribution, δ, to be apportioned between the rank of the group and the number of tensor multiplets. In all the cases that we have analysed in detail, it has proved possible to add points to the polyhedron so as to reduce the correction term to zero while holding the Hodge numbers fixed. It seems improbable that this will always be possible. One obvious omission from our toric geometry-physics dictionary is the information about charged matter content. We hope to report on the progress in this direction in future.
Another interesting question to answer, we believe, would be, given such a compactification of the type II theory, what is its heterotic dual. It is fairly obvious that in order to provide such a gauge symmetry by means of a heterotic compactification on a K3, it would be necessary to combine singularities of the gauge bundle with singularities of the internal manifold. It would be very interesting to be able to specify the exact singularity structure which yields the duals to our models. 
